Abstract. Using spinorial techniques, we prove, for a class of pseudohyperbolic ambient manifolds, a Heintze-Karcher type inequality. We then use this inequality to show an Alexandrov type theorem in such spaces.
Introduction
The problem of classifying constant scalar curvature compact hypersurfaces in Euclidean space was proposed by Yau in the problem section of [25] . One would like to know, for example, if Alexandrov's theorem [1] , which states that spheres are the only compact constant mean curvature hypersurfaces embedded in Euclidean space, still holds when the mean curvature is replaced by the scalar curvature. This question was answered positively by Ros in [21] , by modifying Reilly's proof of Alexandrov's theorem [19] . After this, different proofs and generalizations of Ros'es result were given; for example, using the Minkowski formulae [14] and the Heintze-Karcher inequality [9] , Ros extended his result for any r-curvature in [20] . This approach also works in hyperbolic space, where the same conclusion holds [16] .
Recall that a manifold of the form M n+1 = R × exp P n , with P a complete Riemannian manifold, is called a pseudo-hyperbolic space [22] . When P n is Ricci-flat, M n+1 is Einstein with negative Ricci curvature, and when P n is flat, M n+1 is a hyperbolic space form.
In [15] , among other results, Montiel proves the following Alexandrov type theorem: if Σ is either a constant mean curvature or a constant scalar curvature hypersurface bounding a domain into a pseudo-hyperbolic space R × exp P n , with n ≥ 2 and P n a compact Ricci flat manifold, then it is either a geodesic sphere or a slice {s} × P n , s ∈ R.
The aim of this paper is to give a spinorial proof for the previous result. For this, we will prove a Heintze-Karcher inequality for spin manifolds carrying a nontrivial imaginary Killing spinor: Theorem 1.1. Let (M, g) be a (n+1)-dimensional connected Riemannian spin manifold carrying a nontrivial imaginary Killing spinor ψ and let Σ be a hypersurface bounding a compact domain Ω in M . Let V = |ψ| 2 and suppose the mean curvature H of the hypersurface Σ is positive everywhere.
where ∇ is the Levi-Civita connection of (M, g) and N is the inward pointing unit vector field normal to Σ. Moreover, equality holds if and only if Σ is totally umbilical.
Let (M, g) be as in Theorem 1.1, that is, (M, g) is a Riemannian spin manifold carrying a nontrivial imaginary Killing spinor. When M is complete, Baum proved in [4] that M is a warped product R × exp P , with the n-dimensional manifold P being a complete Riemannian spin manifold admitting a nontrivial parallel spinor. Hence, by Wang's classification [23] , P is a flat manifold, a Calabi-Yau manifold, a hyper-Kähler manifold or some eight-or seven-dimensional Riemanian manifolds with special holonomy. Also, as we will see later, the function V satisfies ∆V = (n + 1)V.
Thus, Theorem 1.1 can be rewritten as follows: Corollary 1.2. Let Σ be a connected compact hypersurface bounding a compact domain in a pseudo-hyperbolic space M = R × exp P , where P is a complete Riemannian spin manifold admitting a nontrivial parallel spinor. Assume that the mean curvature H of the hypersurface Σ is positive everywhere. Then
Moreover, equality holds if and only if Σ is totally umbilical.
An interesting special case of Corollary 1.2 is when P is the Euclidean space R n , which implies that M is the hyperbolic space H n . Note that, in this case, the conclusion "Σ is totally umbilical" in the equality case can be changed to "Σ is a geodesic sphere". This case follows from a very general result of Brendle for warped product ambient manifolds [5] (see also [18, 24] ). A spinorial proof of this special case was given by Hijazi, Montiel and Raulot in [11] . They acomplish this by realizing H n+1 as a spacelike hypersurface in Minkowski space R n+1,1 and using spinorial techniques in such ambient. Our proof, in its turn, is totally implicit and it's valid for a large class of ambient spaces; one of its main ingredients is a holographic principle for the existence of imaginary killing spinors, also due to Hijazi, Montiel and Raulot [10] (see Theorem 2.2).
As mentioned before, in [15] , Montiel showed an Alexandrov type theorem for hypersurfaces with constant mean curvature or constant scalar curvature in some pseudo-hyperbolic spaces. Using spinorial techniques, Hijazi, Montiel and Roldan gave another proof to the constant mean curvature case [12] . Here, we give another proof to the constant scalar curvature case; our proof is spinorial in the sense that it uses inequality (1), which was proved using spinorial techniques. Corollary 1.3. Let Σ be a connected hypersurface bounding a domain in a pseudo-hyperbolic space R × exp P , where P is a complete Riemannian spin manifold admitting a nontrivial parallel spinor. If the scalar curvature of Σ is constant, then it is either a round geodesic hypersphere (and, in this case P must be flat) or a slice {s} × P, s ∈ R.
Preliminaires
In this section, we recall some definitions and properties of the spin geometry of hypersurfaces embedded in a spin manifold, as it is done in [10] .
Let (M, , ) be a (n + 1)-dimensional Riemannian spin manifold. We fix a spin structure and let SM denote the corresponding spinor bundle. We denote by ∇ both the Levi-Civita connection of (M, , ) and its lift to SM , and by γ : Cℓ(M ) → End C (SM ) the Clifford multiplication. On the spinor bundle SM there exists a natural Hermitian structure (see [13] ) denoted, as the Riemannian metric on M , by , . The spinorial Levi-Civita connection and the Hermitian product are compatible with the Clifford multiplication and compatible with each other; that is, for any X, Y ∈ Γ(T M ) and any ψ, ϕ ∈ Γ(SM ) the following identities hold:
Also, the Dirac operator D on SM is locally given by
where {e 1 , . . . , e n+1 } is a local orthonormal frame of T M . Consider an orientable hypersurface Σ immersed into M . The Riemannian metric on M induces a Riemannian metric on Σ, also denoted by , , whose Levi-Civita connection ∇ Σ satifies the Riemannian Gauss formula
where X, Y are vector fields tangent to the hypersurface Σ, the vector field N is the inward pointing unit vector field normal to Σ, and A is the shape operator with respect to N , that is,
Since the normal bundle of Σ is trivial, the hypersurface Σ inherits a spin structure from the one of the ambient manifold M . Thus, Σ has a Hermitian spinor bundle SΣ in the sense of [13] , i.e., a Dirac bundle. We will denote by γ Σ and D Σ , respectively, the Clifford multiplication and the intrisic Dirac operator on Σ. We call such spinor bundle by intrisic spinor bundle. We compare the intrisic spinor bundle SΣ to the restriction S /Σ = SM |Σ . This bundle is isomorphic to either SΣ or SΣ ⊕ SΣ acording to the dimension n of Σ is either even or odd ( [3, 17] ). Since the n-dimensional Clifford algebra is the even part of the (n + 1)-dimensional Clifford algebra, the Clifford multiplication γ / :
for any ψ ∈ Γ(SΣ) and any X ∈ Γ(T Σ). Consider on S /Σ the Hermitian metric , induced from that of SM . This metric satisfies te compatibilty condition (4) if one considers on Σ the Riemannian metric induced from M and the Clifford multicplication γ / defined by (8) . The Gauss formula (7) implies that the spin connection ∇ / on S /Σ is given by the following spinorial Gauss formula
for any ψ ∈ Γ(S /Σ) and any X ∈ Γ(T Σ). Observe that the compatibity conditions (3), (4) and (5) are satisfied by (S /Σ, γ /, , , ∇ / ). The extrinsic Dirac operator D / = γ / • ∇ / on Σ defines a first order elliptic operator acting on sections of SΣ. By (9), for any spinor field ψ ∈ Γ(SΣ) we have
and
where {e 1 , . . . , e n } is a local orthonormal frame of T Σ and H = 1 n traceA is the mean curvature of Σ in M . Thus, we have on Σ an intrinsic spinorial structure (SΣ, ∇ Σ , γ Σ , D Σ ) and an extrinsic structure (S /Σ, ∇ / , γ /, D / ). The dimension of Σ plays an important role in the isomorphism of such structures. In fact, if n is even, then
and, if n is odd, then
Now, we recall the definition of a chirality operator. A chiralty operator ω on a Dirac bundle (EM, γ, ∇, , ) is an endomorphism ω : Γ(EM ) → Γ(EM ) such that
for any X ∈ Γ(T M ) and any ψ, ϕ ∈ Γ(EM ). Now, we set up a new Dirac bundle with a chirality operator. Consider the vector bundle
equipped with a Clifford multiplication γ defined by
and a Levi-Civita connection
Futhermore, , denotes the Hermitian scalar product given by , M for n odd and by
It is straightforward to verify that (EM, ∇, γ) is a Dirac bundle in the sense of [13] . The Dirac-type operator acting on sections of EM and defined by D := γ • ∇ is explicity given by
As it is done in [10] , let us examine this bundle and its restriction (E /, ∇ / , γ /) to Σ.
If n + 1 is even, the operator ω := γ(ω C n+1 ) defines a chirality operator on SM , where
is the complex volume element. Moreover, the spinor bundle splits into
where S ± M are the ±1-eigenspaces of the endomorphism ω. On the other hand, the restricted spinor bundle
can be identified with the intrinsic data of Σ as in (13) . If (n + 1) is odd, EM = SM ⊕ SM and the map
satisfies the properties (14) and (15) , so that it defines a chirality operator on EM . The restriction of EM to Σ is given by
and can be identified with to copies of the intrisic spinor bundle of Σ as in (12) . The extrinsic Dirac operator acting on sections of E / is defined by D / := γ / • ∇ / . We define the modified Dirac-type operators on EM and E /, respectively, by
If M admits a Killing imaginary spinor field ψ ± ∈ Γ(EM ) with Killing number ± i 2 , i.e.,
for any X ∈ Γ(T M ), we can show that
The previous discussion can be summarized in the following proposition (see [10] ):
). The bundle (EM, γ, ∇) is a Dirac bundle equipped with a chirality operator ω whose associated Dirac-type operator D := γ • ∇ is a first order elliptic differential operator. The restricted triplet (E /, γ /, ∇ / ) is also a Dirac bundle for which the spinorial Gauss formula
holds for all ψ ∈ Γ(E /) and X ∈ Γ(T Σ), and such that
where D / := γ / • ∇ / is the extrinsic Dirac-type operator on E /. Moreover, the Dirac-type operators
are first order differential operators which only depend on the Riemannian and spin structures of Σ.
Now, consider the operator
This endomorphism is a self-ajoint involution with respect to the pointwise Hermitian scalar product , , where ω is the chirality operator on EM . It induces an orthogonal decomposition of E /:
where V ± are eigeinsubbundles over Σ corresponding to the ±1-eigenvalues of G. Thus, we define the associated projections on V ± :
where L 2 (EM ) and L 2 (V ± ) denote, respectively, the spaces of L 2 -integrable sections of EM and V ± . The projections P ± are orthogonal to each other and are self-adjoint with respect to the pointwise Hermitian scalar product , . Also, we can check that
We end this section by stating the following result, due to Hijazi, Montiel and Raulot, which will be a key ingredient in the proof of Theorem 1.1.
Theorem 2.2.
Let Ω be a compact, connected Riemannian spin manifold with smooth boundary Σ. Assume that the scalar curvature of Ω satisfies R ≥ −n(n + 1)k 2 for some k > 0 and the mean curvature H of Σ is positive. Then for all Φ ∈ Γ(E /), one has
Moreovoer, equality occurs for Φ ∈ Γ(E /) if and only if there exists two imaginary Killing spinor fields Ψ + , Ψ − ∈ Γ(E /) with Killing number −(i/2) such that P + Ψ + = P + Φ and P − Ψ − = P − Φ.
Proof of Theorem 1.1
In this section we present the proof of Theorem 1.1.
Proof. Assume H > 0 on Σ. Let ψ a imaginary Killing spinor field with Killing number i/2 on Ω, such that V = |ψ| 2 (See [4] ). We take the spinor field ϕ = ψ| Σ on Σ; for such ϕ, we have
Thus,
Hence, we get
Now, we apply (25) to obtain
By other hand, we have that
Indeed, using the fact
Thus, substituing (27) in (26) and remembering that V = |ψ| 2 , we obtain
The equality holds if and only if we have equality in (25) . In such case, there exists two imaginary Killing spinor fields Ψ + , Ψ − ∈ Γ(E /) with Killing number −(i/2) such that P + Ψ + = P + ϕ and P − Ψ − = P − ϕ on Σ. Then,
We deduce that
The spinor field Ψ is imaginary Killing since Ψ + and Ψ − are, moreover Ψ has Killing number −i/2, so the spinor field
is a restrition of a imaginary Killing spinor field with Killing number −i/2, therefore, for all X ∈ Γ(T Σ):
Now we choose X = X i ∈ Γ(Σ), where X i is a direction of principal curvatures of Σ, whose associated principal curvature is λ i . Taking the scalar product of the last equality with γ(X i )ψ, we get
Since |ψ| 2 = V ≥ 1 and at each point p ∈ Σ we can choose a basis (X 1 , . . . , X n ) of T p Σ such that X i is a direction of principal curvature, we get λ i = H on Σ for all i ∈ {1, . . . , n}, so
Thus, Σ is totally umbilical.
Proof of Corollary 1.2
Proof. Let ψ be an imaginary Killing spinor with Killing number i/2 (after a rescaling of the metric). Thus, for each X ∈ Γ(T M ) we have
Setting V = |ψ| 2 , one can check from (28) that V satisfies
Thus, tracing (29), follows
Integrating that equation on the compact domain Ω and applying the divergence theorem, from (1) we obtain (2). Now, if the equality holds in (2), by Theorem 1.1, Σ must be totally umbilical.
In particular, when P = R n , the manifold M is isometric to the hyperbolic space H n+1 . Thus, Σ is a totally umbilical hypersurface of H n+1 and so it is a geodesic sphere.
proof of corollary 1.3
We begin this section remembering to the reader some facts about the geometry of hypersurfaces in Riemannian manifolds. On a given hypersurface Σ in M , we define the k-th mean curvature function
where Λ = (λ 1 , · · · , λ n ) are the principal curvature functions on Σ and the homogeneous polynomial σ k of degree k is the k-th elementary symmetric function
The next proposition gives an relation between these curvatures:
between two Riemannian manifolds of dimension n and (n + 1) respectively, and assume Σ is connected. We suppose that there is a point of Σ where all principal curvatures are positive. Then, if there exists k ∈ {1, . . . , n} such that
If k ≥ 2, equality holds only at umbilical points. Now, if ∇ denotes the Levi-Civita connection on M and N the unit normal vector field along Σ which points to the inner region, we define the shape operator A by A(X) = −∇ X N . Thus, the classical Newton transformations T k : Γ(T Σ) → Γ(T Σ) are defined inductively from A by:
where I denotes the identity in Γ(T Σ).
Associated to each Newton transformation T k one has the second order linear differential operator
where Hessu : Γ(T Σ) → Γ(T Σ) denotes the symmetric operator defined by
In particular L 0 = ∆ is the Laplace-Beltrami operator. while L 1 is the operator , introduced by Cheng and Yau [6] for the study of hypersurfaces with constant scalar curvature. On the other hand, the divergent of T k is defined by
where {e 1 , · · · , e n } is a local orthonormal frame on Σ. Thus, we have
From (31), we conclude that the operator L k is elliptic if, and only if, T k is positive definite. Clearly, L 0 = ∆ is always elliptic. The ellipticity of L 1 is guaranteed by Lemma 3.10 of [7] when H 2 > 0.
If the ambient space M is equipped with a conformal vector field Y ∈ X (M ), with conformal function f , then is shown in [2] that
where
Integrating (32) over Σ and making use of Divergence theorem we obtain
A useful formula is obtained in [2] for every tangent field X ∈ Γ(T Σ):
In particular, when the ambient space M has constant curvature, then R(N, V )W, Z = 0 for every tangent vector fields V, W, Z ∈ Γ(T Σ), from (34) and (32) we obtain the classical Minkowski integral identity for spaces with constant curvature:
By other hand, when the ambient space is an Einstein manifold, taking (34) with k = 1 we get
Thus, for a compact hypersurface in a Einstein space the following is valid:
Since every Riemannian spin manifold admitting a imaginary Killing vector is a Einstein manifold with Ricci curvature −n, and taking Y = ∇V , where V = |ψ| 2 , we have from (35):
Proof of Corollary 1.3. The scalar curvature S Σ of a hypersurface can be related with the scalar curvature S of the ambient space by the following formula:
In our case, we have
Thus, the hypothesis of constant scalar curvature is equivalent to H 2 constant. Now, it is easy verify that, with respect to the normal − ∂ ∂t , the slices Σ s = {s} × P are totally umbilical hypersurfaces with constant principal curvatures equal 1.
Since Σ is compact, there is an point p ∈ Σ such that all principal curvatures of Σ are bounded from below by 1 (this can be done by choosing a point p where the projetion onto the real line is maximum), thus the constant H 2 is bounded from below by 1, and so is H by (30).
First, consider the case where Σ bounds a compact domain. For this case, the following lemma will be necessary:
Equality holds if and only if Σ is totally umbilical.
Proof. From (30) we have
By (36), we get Thus, we should have equality in Lemma 5.2, so Σ is totally umbilical. Now, remains to think in the case where Σ is compact but, is not the boundary of any compact domain. Define the height function h ∈ C ∞ (Σ) by setting h = π R • f , where f : Σ → R × exp P is the isometric immersion (h is nothing but the projection onto the real line). Since Σ is compact there exists p, q ∈ Σ such that h attains his maximum and the minimum, respectively. If h(q) = s 1 and h(p) = s 2 , then Σ is contained in the region Ω s 1 ,s 2 bounded by the slices {s 1 }× P and {s 2 }× P . As we have mentioned previously, the slices have constant principal curvatures equal 1, thus the second mean curvature of Σ satisfies H 2 (p) ≥ 1 and H 2 (q) ≤ 1, hence H 2 ≡ 1. Now, choosing u = e h in (31) and remembering that R × exp P is Einstein, by (34) we can obtain L 1 (e h ) = n(n − 1)e h (H + N, ∂ t H 2 ).
But H 2 ≡ 1, H ≥ √ H 2 = 1 and Cauchy-Schwarz implies that H+ N, ∂ t H 2 ≥ 0.
Hence, L 1 (e h ) ≥ 0 on the compact manifold Σ. Thus, since in this case L 1 is elliptic , by the maximum principle applied to L 1 we conclude that e h is constant, and hence h is constant, this implies that Σ is a slice.
Thus, in both cases, Σ is a totally umbilical hypersurface with constant H 2 curvature, this implies constant mean curvature. Now, applying lemma 4 of [15] , where umbilical hypersurfaces with constant mean curvatures are classified. Thus, the result follows.
